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Abstract—Hybrid neuro-fuzzy structures are well known 
and widely used artificial intelligence techniques. Their 
computational efficiency is not discussed in any of the existing 
review articles. In this paper different approaches to reduce the 
computational burden in these structures will be discussed, it 
will be presented some ideas of the authors to reduce the number 
of fuzzy rules and a comparison between them and the classic 
ANFIS will be made. 
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I. INTRODUCTION 
Hybrid neurо-fuzzy intelligent architectures is 

appeared a natural continuation in the development of 
neural networks and systems with fuzzy logic. They 
combine the clarity and transparency of fuzzy systems 
with the learning ability on neural networks. Their 
fusion has been compared in [1] with the human brain 
- the neural network is the structure of the brain, i.e. 
"hardware", while fuzzy logic takes care of "software". 
Some of the well-known hybrid neuro-fuzzy 
architectures are ANFIS [2], GARIC [3], NEFCON [4], 
FALCON [5], FUN [6], SONFIN [7], EFuNN [8], dmEFuNN 
[9].  

A number of overview articles dedicated to the 
neuro-fuzzy structures, are presented in the scientific 
literature. All they show the evolution on these 
intelligent systems. A comparative study of the ANFIS, 
FALCON, GARIC, SONFIN and EFuNN structures was 
performed in [10]. Relatively newer in historical terms 
are the review articles [11-14]. An extremely in-depth 
analysis of the neuro-fuzzy structures developed in the 
period 2010-2017 is presented in [15]. The authors 
made classification the neuron-fuzzy models according 
to their learning algorithm, according to their structure 
(static or dynamic), according to the used type of fuzzy 
logic (Type 1, Type 2, Intuitionistic fuzzy logic), etc. A 
review of the central theories involved in hybrid models 

based on fuzzy systems and artificial neural networks, 
mainly focused on supervised methods for training 
hybrid models is given in [16]. 

However, none of these review papers discusses the 
problem of the computational efficiency of neuron-
fuzzy models. It is well known that all these structures 
are composed of a set of if-then rules. In principle, the 
number of fuzzy rules depends exponentially on the 
number of inputs and membership functions. If p is the 
number of inputs in a fuzzy-neural system and m is the 
number of the membership functions, then the number 
of the generated fuzzy rules is mp. Thus, the huge 
number of generated rules requires determination of a 
large number of parameters during the learning 
procedure. For instance, for a fuzzy inference system 
with 8 inputs, each one with three membership 
functions, the grid partitioning leads to 6561(=38) rules, 
which is an extremely large number of rules for any 
practical applications. In this paper different 
approaches to reduce the computational burden in 
these structures will be discussed, it will be presented 
some ideas of the authors to reduce the number of 
fuzzy rules and a comparison between them and the 
classic ANFIS will be made. 

II. METHODS FOR FUZZY RULES REDUCTION 
One significant drawback of the fuzzy models that 

they carry into the neuro-fuzzy structures is the large 
number of fuzzy rules they work with. In order to 
reduce the number of generated rules without loss the 
accuracy of modeling, different methods have been 
proposed in the scientific literature. One of them is the 
use of hierarchical neuro-fuzzy structures [17]. 
Hierarchical fuzzy/neuro-fuzzy systems have also been 
shown to be universal approximators [18-19]. However, 
in [17] was proven that the learning algorithm is too 
complicated. 
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In [20] the use of the so-called sensory fusion was 
proposed. In this method, one of several input signals is 
obtained. The new signal represents a linear function of 
its components. In this way, the size of the base rule 
decreases as the number of inputs decreases. The 
author also proposes the combination of hierarchical 
structures with sensory fusion. The disadvantage of this 
idea is that its implementation depends mainly on the 
experience of the human operator. He is the one who 
has to determine what the structure of the hierarchical 
system should be, as well as the respective parameters. 
In an attempt to overcome this disadvantage, in [her 
dissertation [21] she] it was proposed an automatic 
determination of these parameters by using genetic 
algorithm. 

Another possibility to simplify the fuzzy/neuro-fuzzy 
models is the use of orthogonal transformations. In 
fact, they are a way to determine the most significant 
rules. In [22] several different methods of orthogonal 
transformations were compared, namely: Orthogonal 
Least Squares (OLS) method; Eigenvalue 
Decomposition (ED); Total Least Squares (TLS) and 
Direct Singular Value Decomposition (D-SVD). In [23] a 
modified version of the Gram-Schmidt transformation 
is presented. In [24] some comments are given 
concerning the use of orthogonal transformations. 

Various ways to reduce the fuzzy rules by removing 
the redundant ones have been proposed in [25-26]. The 
conditions for reducing the rule from the point of view 
of linear matrix inequalities (LMIs) are presented in 
[27]. A method based on the concept of similarity and 
vague interpolation is described in [28]. In it, the 
similarity between the rules is first measured in order 
to determine the "best", and then interpolation is 
performed in order to increase the accuracy after the 
first. An overview of the methods for reducing the fuzzy 
rules is given in [29]. 

Another group of algorithms that have become 
popular in recent years is the so-called self-constructing 
and self-organizing neuro-fuzzy structures [30-31]. 
During the learning process, the inactive rules are 
removed, which in turn leads to a reduction in the 
number of learning parameters. A method that 
compresses a system with an arbitrarily large number 
of rules to one with a small number of rules is presented 
in [32]. As a result of this compression, the number of 
on-line operations during the fuzzy inference process is 
significantly reduced without compromising the 
solution.  

In order to reduce the number of fuzzy rules without 
loss of accuracy, different fuzzy clustering approaches, 
such as fuzzy C-means [33, 34] and K-means [35] can be 
used. Besides, subtractive clustering and hyperplane 
clustering are proposed in [36, 37]. Evolving fuzzy 
systems [38, 39], such as DENFIS, includes evolving 
clustering and dynamically forms bases of fuzzy rules 
generated during the past instance of the learning 
process. The new AnYa neuro-fuzzy structure also 
belongs to the evolving fuzzy systems. This architecture 
works with the so-called cloud instead of fuzzy sets. This 
removes the need for training of the membership 
functions parameters. However, apriori data is needed 
to form the clouds [40]. 

III. COMPUTATIONALLY EFFICIENT NEURO-FUZZY MODELS 

A. Distributed Adaptive Neuro-Fuzzy Architecture 
The structure of the Distributed Adaptive Neuro-Fuzzy 
Architecture (DANFA) model is shown on Fig. 1. 

DANFA model is a modification of the well-known 
Adaptive Neuro-Fuzzy Inference System (ANFIS). The 
main idea behind it is to "distribute" the input signals to 
separate ANFIS-type structures. In this way a network 
of neural fuzzy structures is obtained. Each of these 
neural-fuzzy structures act as a separate sub-model and 
global DANFA model is a set of p on the number of sub-
model. The output signal of a global DANFA model is 
computed as a sum of the output signals of the p ANFIS-
type models and is calculated by the following 
expression: 

 
 

Fig. 1. Structure of the proposed DANFA model 
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where ŷMr for r=1:p is obtained as follow: 
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The number of fuzzy rules of the DANFA model is 
calculated by the following formula: 
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More details about the DANFA model can be found in 
[41]. 

B. Semi Fuzzy Neural Network 

The structure of the proposed SFNN model is shown on 
Fig. 2. It represents five-layered architecture with 
Takagi-Sugeno inference mechanism. However, in 
SFNN model a part of input signals are not fuzzyfied, 
but they come with their real values, weighted by the 
appropriate coefficient, into the third layer (fuzzy rules 
layer), i.e. directly into the THEN part of the functions 
of Sugeno.  

 
 

Fig. 2. Structure of the proposed SFNN model 

Thus, on the one hand it is reduced the number of fuzzy 
rules with which the model is working and on the other 
hand – it is reduced the number of the parameters that 
must be determined during learning procedure. For 
example, for implementation of NARX model with 4 

inputs, each of which is fuzzyfied with 3 fuzzy sets, then 
for ANFIS model is needed 81 fuzzy rules while SFNN 
works with only 9 fuzzy rules. Furthermore, in ANFIS 
model during the learning procedure it is needed to 
obtain 405 linear and 648 nonlinear parameters or 
total 1053 parameters! The number of parameters that 
must be determined during the training procedure is 
only 81 (45 linear and 36 nonlinear parameters). More 
details about the SFNN model can be found in [42, 43]. 

C. Modified Neo-Fuzzy Network 
Modified Neo-Fuzzy Network (MNFN) is based on 

the concept of Neo-fuzzy neuron (NFN), which was 
initially introduced by T. Yamakawa and E. Uchino [44]. 
The architecture of the neo-fuzzy neuron is shown in 
Fig.3. The Neo-Fuzzy neuron is similar to a zero order 
Sugeno fuzzy system where only one input is included 
in each fuzzy rule, and to a radial basis function network 
(RBFN) with scalar arguments of basis functions. The 
neo-fuzzy neuron implements nonlinear mapping using 
the following equation: 
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where x(k) is the input, wj is the weight coefficient and 
μj for j=1:m is a defined set of Gaussian membership 
functions: 
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where c and  represent its center (mean) and width 
(standard deviation). 

 

 
 

Fig. 3. Single Neo-Fuzzy neuron 

Using the basic concept of the neo-fuzzy neuron, it 
is easy to obtain a network containing a larger number 
of such neurons. Such a structure is shown in Fig. 4. 
More details about the MNFN model can be found in 
[45, 46].  
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The MNFN model represents a six-layered 
architecture as each layer perform following: 

Layer 1: The neurons in this layer receive the input 
signals and transmit them to the next layer. 

Layer 2: Each node in this layer does fuzzification via 
a Gaussian membership function (5). 

Layer 3: This layer is a kind of a fuzzy rules generator. 
All rules have the following form: 

)(*)()( kwkkf ijijij         (6) 

Layer 4: Summation of the values calculated in layer 
3 using the expression (4) is realized. 

Layer 5: Multiplication on the output of each neo-
fuzzy neuron by he input signal for it is performed. 

Layer 6: The output of the MNFN model is obtained 
as follows: 
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Fig. 4. Structure of the proposed MNFN model 

IV. COMPARATIVE STUDY OF THE PRESENTED 
COMPUTATIONALLY EFFICIENT NEURO-FUZZY MODELS 

In this section, a comparison between the models 
presented above and ANFIS have been made. To test 
the prediction ability of all these models, Mackey-Glass 
chaotic systems have been chosen. The used time 

series will not converge or diverge, and the trajectory is 
highly sensitive to initial conditions. The MG time series 
is described by time-delay differential equation: 

TABLE I.  COMPARATIVE STUDY OF THE STUDIED NEURO-
FUZZY MODELS 

Model Steps MSE 

ANFIS                                   
Rules=81                   
Parameteres=1053                      
t[ms]=2,82 

50 9,2 e-2 
100 7,7 e-2 
150 7,9 e-2 
200 7,8 e-2 
250 7,6 e-2 
300 7,65 e-2 
350 7,62 e-2 
400 0,96 e-2 
450 0,85 e-2 
500 0,76 e-2 

DANFA                                   
Rules=18                   
Parameteres=126                      
t[ms]=1,83 

50 5,3 e-2 
100 2,7 e-2 
150 1,9 e-2 
200 1,4 e-2 
250 1,2 e-2 
300 1,03 e-2 
350 0,91 e-2 
400 0,82 e-2 
450 0,74 e-2 
500 0,69 e-2 

SFNN                                   
Rules=9                   
Parameteres=63                      
t[ms]=1,58 

50 16 e-5 
100 8,7 e-5 
150 6,04 e-5 
200 4,8 e-5 
250 3,97 e-5 
300 3,5 e-5 
350 3,1 e-5 
400 2,8 e-5 
450 2,6 e-5 
500 2,3 e-5 

MNFN                                   
Rules=12                   
Parameteres=36                      
t[ms]=1,67 

50 9,35 e-5 
100 7,06 e-5 
150 5,6 e-5 
200 4,5 e-5 
250 3,9 e-5 
300 3,4 e-5 
350 3,12 e-5 
400 2,92 e-5 
450 2,33 e-5 
500 2,17 e-5 
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where a=0.2; b=0.1; C=10; initial conditions x(0)=0.1 
and s= 17s. 

It have also been chosen that all these models to 
have four inputs, each of which is fuzzyfied by three 
Gaussian membership functions. 

To determine which is the best model, several 
criteria are defined: 

 number of fuzzy rules; 
 number of parameters, updated of each 

iteration of the learning procedure; 
 accuracy; 
 time for one iteration of the learning process. 

 
 The results are shown in Table I. In accordance to 
the defined criteria, MNFN has been chosen as the best 
model. It has been realized in a variant with Type 2 and 
with Intuitionist fuzzy logic. The obtained results are 
presented in Table 2.  

TABLE II.  COMPARATIVE STUDY OF TYPE 2 NEO-FUZZY 
NETWORK  AND INTUITIONISTIC NEO-FUZZY NETWORK 

Steps 

Type 2 Neo-Fuzzy 
Network 

Intuitionistic Neo-
Fuzzy Network 

Without 
disturbance 

With 
disturbance 

Without 
disturbance 

With 
disturbance 

MSE MSE MSE MSE 

50 2.38e-4 2.98e-4 1.26e-6 3.42e-6 
100 1.26e-4 1.69e-4 7.05e-7 2.25e-6 
150 8.85e-5 1.31e-4 5.19e-7 1.87e-6 
200 7.01e-5 1.07e-4 4.32e-7 1.61e-6 
250 5.89e-5 8.4e-5 3.75e-7 1.48e-6 
300 5.19e-5 7.22e-5 3.41e-7 1.37e-6 
350 4.63e-5 6.72e-5 3.13e-7 1.26e-6 
400 4.26e-5 5.91e-5 2.96e-7 1.19e-6 
450 3.92e-5 5.33e-5 2.78e-7 1.13e-6 
500 3.69e-5 4.76e-5 2.67e-7 1.09e-6 
 

Time to perform the necessary calculations for one 
iteration of the learning procedure is as follows: 

 Intuitionistic Neo-fuzzy network: 1.48 ms for 
the case without disturbance and 1.50 ms for 
the case with disturbance and. 

 Type 2 Neo-fuzzy network: 1.93 ms for the 
case without disturbance and 1.96 ms for the 
case with disturbance and. 

V. CONCLUSIONS 
In this paper different approaches to reduce the 

computational burden in intelligent hybrid neuro-fuzzy 
structures was summarized, some ideas of the authors 
to reduce the number of fuzzy rules was presented and 
comparison between them and the classic ANFIS was 
made. The Mackey-Glass chaotic systems was chosen 
to test prediction ability of these models. The proposed 
DANFA, SFNN and MNFN models predict accurately the 
generated chaotic time series, with minimum 
prediction error and fast transient response of the 
MSE, reaching values closer to zero. Their main 
advantage is that operates by a small number of rules 
and respectively has a smaller number of parameters 
for learning. This makes the models suitable for real-
time applications. The MNFM has been chosen as the 
best in terms of the set criteria (number of rules, 
number of parameters, speed and accuracy). After 
that, MNFN has been realized in a variant with Type 2 
and with Intuitionist fuzzy logic. The results show that 
the Intuitionistic Neo-fuzzy network is more accurate 
and faster than Type 2 Neo-fuzzy network in the 
studied two cases –in the presence of disturbance and 
without disturbance. 
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