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Abstract— This paper deals with a simplified adaptive 
two-dimensional (2D) proportional-derivative (PD) command to 
line-of-sight (CLOS) guidance law which widens the interval of 
stability of the closed loop system of an anti-tank guided missile 
(ATGM) with regard to the phase coupling angle between the 
two orthogonal channels of the missile, in order to improve the 
transition process performance while putting the missile onto 
the line-of-sight (LOS) and fight the loss of the system stability. 
The guidance law is very simple. It does only rotate the summary 
vector of the two classical PD guidance laws of y and z -channels 
in the complex plane by an angle whose angular velocity is 
directly proportional to an index of disproportionality. The 
stability of the adaptive mechanism is proven. The effectiveness 
of the proposed approach is illustrated by simulation results. 

Keywords—anti-tank guided missile, command to 
line-of-sight, nonlinear control, adaptive control, 
asymptotic stability  

I. INTRODUCTION 
The command to line-of-sight (CLOS) guidance, also 

called three-point guidance, is a classical guidance 
method [1–4]. The simplicity of the idea of CLOS 
guidance to keep the missile to the line-of-sight (LOS) 
joining the ground tracker and the target is 
implemented in many anti-tank guided missile (ATGM) 
systems. In [5] it is mentioned that “the performance of 
CLOS guidance for short range engagements is known 
to be typically good”; “Recent advances in beam-
pointing technology have led to renewed interest in 
CLOS guidance. 

Let us consider from the above point of view an 
occurrence which worsens the performance indicators 
of a CLOS ATGM guidance and control system. There is 
seen a spiral type trajectory in the plane perpendicular 
to the LOS, i.e. in the picture plane represented in Fig. 
1, which corresponds to Fig. 2.5 in [2], or the 𝑌𝑌𝐿𝐿𝑍𝑍𝐿𝐿-plane 
represented in Fig. 2 corresponding to Fig. 2 in [5], 

during the transient process of putting the ATGM from 
the initial deviations in both vertical and horizontal 
planes onto the LOS implementing the CLOS guidance 
even though the target is non-maneuvering. The design 
of the ATGM guidance and control system based on 
symmetric channels for control in vertical and 
horizontal planes is aimed at eliminating the vertical 
and horizontal deviations respectively in the plane 
perpendicular to the LOS. The phase coupling between 
the two orthogonal channels worsens the performance 
indices of the missile, leads to spiral type trajectory 
characteristics in the picture plane and stability loss. It 
further makes sense how to enhance the traditionally 
implemented guidance laws in order to fight 
successfully this occurrence in a way which also enables 
an easy practical realization. 

The survey in the field of the CLOS guidance laws 
synthesis shows an enormous number of papers. The 
intensive researchers’ activity involves powerful 
modern control theory techniques from the fields of 
the back-stepping control, predictive control, adaptive 
control, feedback linearization, optimal control, fuzzy 
logic control, fuzzy sliding mode control, game theory 
approach, and etc. to deal with different engagement 
scenarios including also highly maneuvering targets [8] 
for overcoming specific disadvantages of the CLOS 
guidance and to improve the performance of the CLOS 
based systems [5, 8–23] etc. Some authors criticize very 
consistently the guidance laws based on some results 
of the control theory [24]. It could be mentioned that 
the scope of the studies is rather global. 

The PD guidance law is comprehensible and still 
appears as a workhorse of the CLOS guidance [4, 34–
38]. On the other hand, the approach to the synthesis 
of CLOS guidance law in the picture plane [6, 7, 33, 42, 
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43] based on polar coordinates shows a great potential 
and in case with no coupling between the channels 
shows excellent results [42–43]. For that reason the 
goal is a try to develop an upgrade of the classical PD 
guidance law based on a consideration in polar 
coordinates, which could allow to keep or improve the 
missile transient process performance while putting the 
missile onto the LOS in a broader interval than the 
classical one regarding the phase coupling angle 
between the two orthogonal channels in a relatively 
simple way. 

The rest part of the paper is organized in the 
following way: The problem formulation is presented in 
Sec. II. Sec. III represents the guidance law alongside 
with the way it is derived. Sec. IV represents some 
numerical experiments. Sec. V is devoted to the 
concluding remarks. 

 

 
Fig. 1. Picture plane representation in three-point 
guidance. 

 

 
Fig. 2. The LOS frame (𝑿𝑿𝑳𝑳, 𝒀𝒀𝑳𝑳, 𝒁𝒁𝑳𝑳) in CLOS guidance. 

 
Fig. 3. Processes in the 𝒀𝒀𝑳𝑳𝒁𝒁𝑳𝑳 -plane, the picture 
plane, of the closed loop system (1), (3) with identical 
and separate classical PD guidance law in each channel. 

II. PROBLEM FORMULATION 
Let us consider the ideal most simple linear but with 

phase coupling, cross-links, between two 𝑦𝑦  and 𝑧𝑧 -
channels case of the spatial guidance loop of a CLOS 
ATGM regarding the horizontal and vertical 
components of the ATGM in the plane perpendicular to 
the LOS (1), where (𝑋𝑋𝐿𝐿, 𝑌𝑌𝐿𝐿, 𝑍𝑍𝐿𝐿)  represents the LOS 
frame as shown in Fig. 2. Let 𝛾𝛾  be the parameter 
defining the phase coupling angle between two 𝑦𝑦 and 
𝑧𝑧 -channels. Let the guidance law represent two 
identical PD guidance laws in each pitch and yaw 
channel (3) assuming the target is non-maneuvering 
and ignoring the gravity acceleration: 

 

�̈�𝑦 = 𝑎𝑎𝑦𝑦(𝑡𝑡) ,
�̈�𝑧 = 𝑎𝑎𝑧𝑧(𝑡𝑡) ,
𝑎𝑎𝑦𝑦 = 𝑢𝑢𝑦𝑦 cos 𝛾𝛾 + 𝑢𝑢𝑧𝑧 cos (𝜋𝜋

2 + 𝛾𝛾) ,

𝑎𝑎𝑧𝑧 = 𝑢𝑢𝑦𝑦 sin 𝛾𝛾 + 𝑢𝑢𝑧𝑧 sin (𝜋𝜋
2 + 𝛾𝛾) .

  (1) 

[𝑦𝑦(0)
𝑧𝑧(0)] = [𝑦𝑦0

𝑧𝑧0
] , [�̇�𝑦(0)

�̇�𝑧(0)] = [𝑦𝑦10
𝑧𝑧10

] (2)

𝑢𝑢𝑦𝑦 = −1
𝑎𝑎0

(𝑦𝑦 + 𝑎𝑎1�̇�𝑦) ,

𝑢𝑢𝑧𝑧 = −1
𝑎𝑎0

(𝑧𝑧 + 𝑎𝑎1�̇�𝑧) ,
𝑎𝑎0 > 0, 𝑎𝑎1 > 0

(3)

𝛾𝛾 = 𝛾𝛾0 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡 (4)

𝛾𝛾0 = 0 (5)

cos 𝛾𝛾0 ≈ 1 𝑎𝑎𝑐𝑐𝑎𝑎 sin 𝛾𝛾0 ≈ 0 (6)
𝑎𝑎0�̈�𝑦 + 𝑎𝑎1�̇�𝑦 + 𝑦𝑦 = 0 ,
𝑎𝑎0�̈�𝑧 + 𝑎𝑎1�̇�𝑧 + 𝑧𝑧 = 0 (7)

𝐻𝐻(𝑐𝑐) = 𝑎𝑎0𝑐𝑐2 + 𝑎𝑎1𝑐𝑐 + 1 (8)
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Let us assume the synthesis of the parameters (𝑎𝑎0,
𝑎𝑎1) is done supposing (5) or (6) and the couple (𝑎𝑎0, 𝑎𝑎1) 
provides asymptotic stability of the closed loop system 
(1) - (3). In that case the closed loop system represents 
(7) with both separate y and z-channels having identical 
dynamics based on one and the same characteristic 
polynomial (8). As it is shown in [42–43] the system 
trajectory in the picture plane even in that ideal case 
with no coupling between the channels possesses an 
immutable characteristic representing a spiral type 
trajectory in the picture plane caused by the non-
proportional to each one initial conditions (2) in the 
common case - Fig. 3. 

The analysis of the stability of the closed loop 
system (1) - (3) with control (3) in function of the 
parameter 𝛾𝛾  (4) shows that the system (1) - (3) with 
control law (3) is asymptotically stable if 𝛾𝛾0 satisfies (9). 
The closed loop system becomes neutrally stable at the 
boundaries (10) of (9) and becomes unstable at (11). 
The critical crossover value of |𝛾𝛾0| - 𝛾𝛾𝑐𝑐𝑐𝑐 represents (12) 
where the gain crossover frequency 𝜔𝜔𝑐𝑐𝑐𝑐0  is calculated 
according to (13). 
 𝛾𝛾0 ∈ (−𝛾𝛾𝑐𝑐𝑐𝑐, 𝛾𝛾𝑐𝑐𝑐𝑐)    (9) 

|𝛾𝛾0| = 𝛾𝛾𝑐𝑐𝑐𝑐

|𝛾𝛾0| > 𝛾𝛾𝑐𝑐𝑐𝑐

𝛾𝛾𝑐𝑐𝑐𝑐 = 𝑃𝑃𝑃𝑃0 = tan−1(𝑎𝑎1𝜔𝜔𝑐𝑐𝑐𝑐0)

𝜔𝜔𝑐𝑐𝑐𝑐0 = √𝑎𝑎12+√𝑎𝑎14+4𝑎𝑎02

2𝑎𝑎02

In order to illustrate the above conclusion about the 
stability of the closed loop system (1) - (3) with control 
law (3) in function of the parameter 𝛾𝛾0  (4) let the 
parameters of the control (3) be the pair (14). The 
calculated  𝛾𝛾𝑐𝑐𝑐𝑐  represents (15). For all the processes, 
the initial conditions (2) are proportional to one 
another (16). Fig. 4 shows the processes in the 𝑦𝑦𝑦𝑦-plane 
as well as the processes on 𝑦𝑦  and 𝑦𝑦  consequently 
at  𝛾𝛾0 = 0 ,  𝛾𝛾0 = −0.5𝛾𝛾𝑐𝑐𝑐𝑐, 𝛾𝛾0 = +0.75𝛾𝛾𝑐𝑐𝑐𝑐, 𝛾𝛾0 = ±𝛾𝛾𝑐𝑐𝑐𝑐 
and  𝛾𝛾0 = +1.01𝛾𝛾𝑐𝑐𝑐𝑐 , where  𝛾𝛾𝑐𝑐𝑐𝑐 = 43.1176  deg. (15). 
The increase of |𝛾𝛾0| worsens the stability of the closed 
loop system - Fig. 4-b,c which becomes neutrally stable 
at 𝛾𝛾0 = ±𝛾𝛾𝑐𝑐𝑐𝑐  as shown in Fig. 4-d,e and becomes 
unstable at |𝛾𝛾0| > 𝛾𝛾𝑐𝑐𝑐𝑐, as illustrated in Fig. 4-f at 𝛾𝛾0 =
+1.01𝛾𝛾𝑐𝑐𝑐𝑐. 

𝑎𝑎0 = 0.04 (𝑠𝑠2), 𝑎𝑎1 = 0.16 (𝑠𝑠) (14)

 𝛾𝛾𝑐𝑐𝑐𝑐 = 43.1176 𝑑𝑑𝑑𝑑𝑑𝑑 (15)
𝑦𝑦0 = 2, 𝑦𝑦10 = 0,
𝑦𝑦0 = 1, 𝑦𝑦10 = 0     (16) 

 
a) 𝛾𝛾0 = 0 deg.; 

 
b) 𝛾𝛾0 = −0.5𝛾𝛾𝑐𝑐𝑐𝑐 = −21.5588 deg.; 

 
c) 𝛾𝛾0 = 0.75𝛾𝛾𝑐𝑐𝑐𝑐 = 32.3382 deg.; 

 
d) 𝛾𝛾0 = 𝛾𝛾𝑐𝑐𝑐𝑐 = 43.1176 deg.; 
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e) 𝛾𝛾0 = −𝛾𝛾𝑐𝑐𝑐𝑐 = −43.1176 deg.; 

 
f) 𝛾𝛾0 = 1.01𝛾𝛾𝑐𝑐𝑐𝑐 = 43.5488 deg. 

Fig. 4. Processes in the 𝒚𝒚𝒚𝒚 -plane as well as the 
processes on 𝒚𝒚  and 𝒚𝒚  consequently at  𝜸𝜸𝟎𝟎 = 𝟎𝟎 ,  𝜸𝜸𝟎𝟎 =
−𝟎𝟎. 𝟓𝟓𝜸𝜸𝒄𝒄𝒄𝒄, 𝜸𝜸𝟎𝟎 = +𝟎𝟎. 𝟕𝟕𝟓𝟓𝜸𝜸𝒄𝒄𝒄𝒄, 𝜸𝜸𝟎𝟎 = ±𝜸𝜸𝒄𝒄𝒄𝒄  and  𝜸𝜸𝟎𝟎 =
+𝟏𝟏. 𝟎𝟎𝟏𝟏𝜸𝜸𝒄𝒄𝒄𝒄, where  𝜸𝜸𝒄𝒄𝒄𝒄 = 𝟒𝟒𝟒𝟒. 𝟏𝟏𝟏𝟏𝟕𝟕𝟏𝟏 deg. 

So the existence of phase coupling between the 
channels in spite of the fact that the processes start 
evolving at proportional to one another initial 
conditions leads to loss of symmetry and 
proportionality between the processes in both 
channels. The system’s transition process trajectory in 
the 𝑌𝑌𝐿𝐿𝑍𝑍𝐿𝐿-plane, the picture plane, in the common case 
does not lie on a straight line and represents a spiral 
one. The phase coupling defeats system’s stability and 
symmetry. It worsens the performance indices of the 
spatial closed loop system of the CLOS ATGM 
concerning the settling time and overshooting/falling of 
the transition process of putting the missile onto the 
LOS from the initial deviations from the LOS at the 
beginning of the missile controlled flight to the target. 

III. A SIMPLIFIED ADAPTIVE TWO-DIMENSIONAL 
PROPORTIONAL–DERIVATIVE COMMAND TO LINE-OF-SIGHT 

GUIDANCE LAW 
Let us employ the complex presentation (17) of the 

missile position in the picture plane. The closed loop 

system in terms of (17) represents (18). Let us define a 
controlled variable 𝜓𝜓 (rad) in the way (19) where 𝑢𝑢𝜓𝜓 
represents the control of the angular velocity �̇�𝜓 of the 
angle 𝜓𝜓. Let also the initial conditions of the angle 𝜓𝜓 be 
(20). Rename the control 𝑢𝑢𝑝𝑝  in (18) as 𝑢𝑢1𝑝𝑝  (21) and 
form the guidance law (22) which represents the 
complex form of the classical PD guidance law (CPDGL) 
(3) but with controlled vector rotation. 

𝑝𝑝 = 𝑦𝑦 + 𝑖𝑖𝑖𝑖 = 𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖,
𝑟𝑟 = |𝑝𝑝| = √𝑦𝑦2 + 𝑖𝑖2 ,   𝜑𝜑 = arg (𝑝𝑝)  (17) 

�̈�𝑝 = 𝑎𝑎𝑝𝑝 ,
𝑎𝑎𝑝𝑝 = 𝑒𝑒𝑖𝑖𝛾𝛾0𝑢𝑢𝑝𝑝 ,
𝑢𝑢𝑝𝑝 =  −1

𝑎𝑎0
(𝑝𝑝 + 𝑎𝑎1�̇�𝑝) ,

    (18) 

𝑑𝑑𝜓𝜓
𝑑𝑑𝑑𝑑 = 𝑢𝑢𝜓𝜓     (19) 

𝜓𝜓(0) = 0     (20) 

𝑢𝑢1𝑝𝑝 =  −1
𝑎𝑎0

(𝑝𝑝 + 𝑎𝑎1�̇�𝑝)    (21) 

𝑢𝑢𝑝𝑝 =  𝑒𝑒𝑖𝑖𝜓𝜓𝑢𝑢1𝑝𝑝     (22) 

Thus, the system (18) with phase coupling between 
the channels in terms of the complex variables (17) 
where the control 𝑢𝑢𝑝𝑝  is replaced by (22) represents 
now (23). 

�̈�𝑝 = 𝑎𝑎𝑝𝑝 ,
𝑎𝑎𝑝𝑝 = 𝑒𝑒𝑖𝑖𝛾𝛾0𝑢𝑢𝑝𝑝 ,
𝑢𝑢𝑝𝑝 =  𝑒𝑒𝑖𝑖𝜓𝜓𝑢𝑢1𝑝𝑝 ,
𝑢𝑢1𝑝𝑝 = −1

𝑎𝑎0
(𝑝𝑝 + 𝑎𝑎1�̇�𝑝),

𝑑𝑑𝜓𝜓
𝑑𝑑𝑑𝑑 = 𝑢𝑢𝜓𝜓.

    (23) 

Our aim is to synthesize a control 𝑢𝑢𝜓𝜓 of the angular 
velocity of the angle 𝜓𝜓 of the controlled direction of the 
spatial CPDGL vector for the system (23) with initial 
conditions according to (2) and (20) so that the phase 
coupling between the channels caused by the angle 𝛾𝛾0 
is compensated alongside with providing stability of the 
closed loop system. 
A. Analysis of the system (23) 

The system (23) could be represented as (24) by the 
variables 𝑟𝑟,  𝜑𝜑1  and 𝛾𝛾1,  where 𝜑𝜑1 = �̇�𝜑  and 𝛾𝛾1 = 𝛾𝛾0 +
𝜓𝜓 is considered as an input variable. 

�̈�𝑟     = − 1
𝑎𝑎0

(𝑟𝑟 + 𝑎𝑎1�̇�𝑟) cos 𝛾𝛾1 +
                                   𝑎𝑎1

𝑎𝑎0
𝑟𝑟𝜑𝜑1 sin 𝛾𝛾1 + 𝑟𝑟𝜑𝜑1

2,
𝑟𝑟�̇�𝜑1 = − 𝑎𝑎1

𝑎𝑎0
𝑟𝑟𝜑𝜑1 cos 𝛾𝛾1 −

                         1
𝑎𝑎0

(𝑟𝑟 + 𝑎𝑎1�̇�𝑟) sin 𝛾𝛾1 − 2�̇�𝑟𝜑𝜑1.

 (24) 
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The analysis of (24) under the assumption 𝛾𝛾1 ∈
(−𝛾𝛾𝑐𝑐𝑐𝑐, 𝛾𝛾𝑐𝑐𝑐𝑐), 𝛾𝛾1 = 𝛾𝛾10 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, shows the existence of 
the boundary (26) and the steady state 𝜑𝜑1𝑠𝑠𝑠𝑠  (27), 
where 𝑟𝑟1 represents (25). 

𝑟𝑟1 = �̇�𝑐
𝑐𝑐 (25)

−∞ < lim
𝑡𝑡→∞

�̇�𝑐(𝑡𝑡)
𝑐𝑐(𝑡𝑡) = 𝑟𝑟1𝑠𝑠𝑠𝑠 < ∞ (26)

𝜑𝜑1𝑠𝑠𝑠𝑠 = −(1+𝑎𝑎1𝑐𝑐1𝑠𝑠𝑠𝑠)
𝑎𝑎1 cos 𝛾𝛾10+2𝑎𝑎0𝑐𝑐1𝑠𝑠𝑠𝑠

sin 𝛾𝛾10 (27) 

The second equation of (24) around the steady state 
(27) assuming (26) is achieved represents (28). Let us 
define the time constant 𝑇𝑇𝜑𝜑1 and the coefficient  𝑘𝑘𝜑𝜑1 
according to (30), assuming (29). Assume also (31). Thus 
we can represent (28) by the transfer 
function 𝑊𝑊𝜑𝜑1𝛾𝛾1(𝑐𝑐) (32). When (33) occurs the transfer 
function  𝑊𝑊𝜑𝜑1𝛾𝛾1(𝑐𝑐)  transforms into (35) where the 
coefficient 𝑘𝑘𝜑𝜑1 is according to (34). A short summary of 
the values of the time constant  𝑇𝑇𝜑𝜑1  and the 
coefficient 𝑘𝑘𝜑𝜑1 at different values of 𝛾𝛾10 is presented in 
Table I. 

�̇�𝜑1 = − (𝑎𝑎1
𝑎𝑎0

cos 𝛾𝛾10 + 2𝑟𝑟1𝑠𝑠𝑠𝑠) 𝜑𝜑1 −

                                         1
𝑎𝑎0

(1 + 𝑎𝑎1𝑟𝑟1𝑠𝑠𝑠𝑠) sin 𝛾𝛾10
 (28) 

(𝑎𝑎1
𝑎𝑎0

cos 𝛾𝛾10 + 2𝑟𝑟1𝑠𝑠𝑠𝑠) ≠ 0   (29) 

𝑇𝑇𝜑𝜑1 = 1
(𝑎𝑎1

𝑎𝑎0
cos 𝛾𝛾10+2𝑐𝑐1𝑠𝑠𝑠𝑠)

𝑘𝑘𝜑𝜑1 =
− 1

𝑎𝑎0
(1+𝑎𝑎1𝑐𝑐1𝑠𝑠𝑠𝑠)

(𝑎𝑎1
𝑎𝑎0

cos 𝛾𝛾10+2𝑐𝑐1𝑠𝑠𝑠𝑠)

    (30) 

sin 𝛾𝛾10 ≈ 𝛾𝛾10     (31) 

𝑊𝑊𝜑𝜑1𝛾𝛾1(𝑐𝑐) = 𝑘𝑘𝜑𝜑1
𝑇𝑇𝜑𝜑1𝑠𝑠+1    (32) 

(𝑎𝑎1
𝑎𝑎0

cos 𝛾𝛾10 + 2𝑟𝑟1𝑠𝑠𝑠𝑠) = 0   (33) 

𝑘𝑘𝜑𝜑1 = − 1
𝑎𝑎0

(1 + 𝑎𝑎1𝑟𝑟1𝑠𝑠𝑠𝑠)   (34) 

𝑊𝑊𝜑𝜑1𝛾𝛾1(𝑐𝑐) = 𝑘𝑘𝜑𝜑1    (35) 

TABLE I.  SHORT SUMMARY OF THE VALUES OF THE TIME 
CONSTANT 𝑻𝑻𝝋𝝋𝝋𝝋 AND THE COEFFICIENT 𝒌𝒌𝝋𝝋𝝋𝝋 AT DIFFERENT 

VALUES OF 𝜸𝜸𝝋𝝋𝟏𝟏. 
𝛾𝛾10
𝛾𝛾𝑐𝑐𝑐𝑐

 0.3 −0.6 0.9 

𝜸𝜸𝝋𝝋𝟏𝟏 (rad) 0.23 −0.45 0.68 
𝜸𝜸𝝋𝝋𝟏𝟏 (deg.) 12.94

≈ 13 
−25.87
≈ −26 

38.81
≈ 39 

𝑻𝑻𝝋𝝋𝝋𝝋 (s) 1.2 0.6 0.4 

𝒌𝒌𝝋𝝋𝝋𝝋 = 𝝋𝝋𝝋𝝋𝟏𝟏𝟏𝟏/
𝜸𝜸𝝋𝝋𝟏𝟏 (1/s) 

−22.3 −12.0 −8.5 

 

B. Synthesis of the guidance law 
1) Synthesis of the control of the vector rotation of the 

spatial CPDGL 
Based on the transfer function 𝑊𝑊𝜑𝜑1𝛾𝛾1(𝑐𝑐)  (32) we 

propose the control (36) of the vector rotation of the 
spatial CPDGL. Thus employing only the second 
equation of the system (24) we synthesize the closed 
loop (37) which is represented also in Fig. 5. 

𝑢𝑢𝜓𝜓 = 𝑘𝑘𝜓𝜓𝜑𝜑1, 𝑘𝑘𝜓𝜓 > 0     (36) 

𝜑𝜑1(𝑐𝑐) = 𝑘𝑘𝜑𝜑1
𝑇𝑇𝜑𝜑1𝑠𝑠+1 𝛾𝛾1(𝑐𝑐),

𝛾𝛾1(𝑐𝑐) = 𝛾𝛾0(𝑐𝑐) + 𝜓𝜓(𝑐𝑐),
𝜓𝜓(𝑐𝑐) = 1

s 𝑢𝑢𝜓𝜓(𝑐𝑐),
𝑢𝑢𝜓𝜓(𝑐𝑐) = 𝑘𝑘𝜓𝜓𝜑𝜑1(𝑐𝑐)

    (37) 

 
Fig. 5. The synthesized closed loop for controlling the 
vector rotation of the spatial CPDGL. 

2) Further simplification of the guidance law 
In order to avoid division by zero when 𝑟𝑟 = 0 and 

the uncertainty at (38) let us introduce 𝜑𝜑1𝑐𝑐 as (39) and 
name it an index of disproportionality. The closed loop 
remains stable because the forms of the characteristic 
polynomial (40) or (41) turn respectively into (42) and 
(43) when  𝑟𝑟 ≠ 0 . The occurrence 𝑟𝑟 = 0  in some 
number of points before achieving the steady state 
breaks the loop (𝑢𝑢𝜓𝜓  (44) becomes zero when 𝑟𝑟 = 0), 
but the compensation of the phase coupling angle 𝛾𝛾0 
via the controlled angle 𝜓𝜓 remains intact since 𝜓𝜓 is the 
output of the integrator whose input is the control 𝑢𝑢𝜓𝜓 
(44). So these occurrences do not destroy the stability 
of the synthesized closed loop system. The benefits of 
this modification consist in the avoidance of the 
employment of variable structure control (there is no 
division by zero) as well as reinforcing the implemented 
here feedback principle by taking into account the 
distance from the plane origin. 

𝜑𝜑1 = �̇�𝜑 = �̇�𝑧 cos 𝜑𝜑−�̇�𝑦 sin 𝜑𝜑
𝑐𝑐 = �̇�𝑧𝑦𝑦−�̇�𝑦𝑧𝑧

𝑦𝑦2+𝑧𝑧2   (38) 
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𝜑𝜑1𝑟𝑟 = �̇�𝑧𝑦𝑦 − �̇�𝑦𝑧𝑧     (39) 

𝐻𝐻(𝑠𝑠) = 𝑇𝑇𝜑𝜑1𝑠𝑠2 + 𝑠𝑠 − 𝑘𝑘𝜑𝜑1𝑘𝑘𝜓𝜓    (40) 

𝐻𝐻(𝑠𝑠) = 𝑠𝑠 − 𝑘𝑘𝜑𝜑1𝑘𝑘𝜓𝜓     (41) 

𝐻𝐻(𝑠𝑠) = 𝑇𝑇𝜑𝜑1𝑠𝑠2 + 𝑠𝑠 − 𝑘𝑘𝜑𝜑1𝑘𝑘𝜓𝜓𝑟𝑟2 𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝑟𝑟 ≠ 0  (42) 

𝐻𝐻(𝑠𝑠) = 𝑠𝑠 − 𝑘𝑘𝜑𝜑1𝑘𝑘𝜓𝜓𝑟𝑟2 𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝑟𝑟 ≠ 0   (43) 

𝑢𝑢𝜓𝜓 = 𝑘𝑘𝜓𝜓𝜑𝜑1𝑟𝑟      (44) 

Finally the control 𝑢𝑢𝜓𝜓  of the introduced variable 
direction of the summary vector of the two CPDGLs of 𝑦𝑦 
and  𝑧𝑧 -channels in the complex plane in terms of 
Cartesian coordinates represents (45). Let us name the 
two identical classical PD guidance laws of 𝑦𝑦  and 𝑧𝑧 -
channels alongside with the proposed control (45) of 
the direction of their summary vector in the complex 
plane by the variable angle 𝜓𝜓 simplified (S) adaptive (A) 
two-dimensional (2D) proportional-derivative (PD) 
guidance (G) law (L) – SA2DPDGL. 

𝑢𝑢𝜓𝜓 = 𝑘𝑘𝜓𝜓(�̇�𝑧𝑦𝑦 − �̇�𝑦𝑧𝑧)     (45) 

C. Final representation of the SA2DPDGL in terms of 
Cartesian coordinates 
The whole SA2DPDGL represents the system 

consisting of (19), (20), (21), and (22), whose summary 
in terms of Cartesian coordinates is the following 
system (46). 

𝑢𝑢1𝑦𝑦 = − 1
𝑎𝑎0

(𝑦𝑦 + 𝑎𝑎1�̇�𝑦),

𝑢𝑢1𝑧𝑧 = − 1
𝑎𝑎0

(𝑧𝑧 + 𝑎𝑎1�̇�𝑧),
     

𝑢𝑢𝜓𝜓 = 𝑘𝑘𝜓𝜓(�̇�𝑧𝑦𝑦 − �̇�𝑦𝑧𝑧),    (46) 
𝑑𝑑𝜓𝜓
𝑑𝑑𝑑𝑑 = 𝑢𝑢𝜓𝜓, 𝜓𝜓(0) = 0,     

𝑢𝑢𝑦𝑦 = 𝑢𝑢1𝑦𝑦 cos 𝜓𝜓 − 𝑢𝑢1𝑧𝑧 sin 𝜓𝜓 ,
𝑢𝑢𝑧𝑧 = 𝑢𝑢1𝑧𝑧 cos 𝜓𝜓 + 𝑢𝑢1𝑦𝑦 sin 𝜓𝜓 .    

IV. NUMERICAL EXPERIMENTS 

Let us replace the two identical classical PD guidance 
laws of 𝑦𝑦 and 𝑧𝑧-channels in the illustrative example of 
Section II by the developed SA2DPDGL. The only 
adjustment regarding the new SA2DPDGL consists in a 
proper choice of the coefficient  𝑘𝑘𝜓𝜓  while the 
parameters  𝑎𝑎0  and  𝑎𝑎1  are kept the same as in the 
classical case (14). Thus the closed loop guidance 
system represents the equations (1), (4) with the 
guidance law (46). The pair  (𝑎𝑎0, 𝑎𝑎1)  represents (14) 
while the coefficient 𝑘𝑘𝜓𝜓 is chosen (47). 

𝑘𝑘𝜓𝜓 = 0.5      (47) 

Fig. 6 shows the trajectories in the picture plane 
from initial conditions (16) as well as the adaptive 
control  𝑢𝑢𝜓𝜓  (45) of the SA2DPDGL and the summary 
phase coupling angle  𝛾𝛾1 = 𝛾𝛾0 + 𝜓𝜓  for some cases of 
the phase coupling angle 𝛾𝛾0  when it is within the 
interval of stability 𝛾𝛾0 ∈ (−𝛾𝛾𝑐𝑐𝑟𝑟, 𝛾𝛾𝑐𝑐𝑟𝑟) or it is outside the 
interval of stability  𝛾𝛾0 ∉ (−𝛾𝛾𝑐𝑐𝑟𝑟, 𝛾𝛾𝑐𝑐𝑟𝑟) . Note that the 
classical closed loop guidance systems when  𝛾𝛾0 ∉
(−𝛾𝛾𝑐𝑐𝑟𝑟, 𝛾𝛾𝑐𝑐𝑟𝑟)  are not asymptotically stable while the 
SA2DPDGL provides stability in a very wide range 
from  𝛾𝛾0 = −90 𝑑𝑑𝑒𝑒𝑑𝑑  to  𝛾𝛾0 = 90 𝑑𝑑𝑒𝑒𝑑𝑑  accompanied 
with an acceptable performance too. The maximum 
overload max(𝑒𝑒𝑦𝑦, 𝑒𝑒𝑧𝑧) remains practically the same as 
in the classical case when there is no coupling between 
the channels. 
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d) 

 
e) 

 
f) 

Fig. 6. Trajectories in the picture plane from initial 
conditions (16), the adaptive control  𝒖𝒖𝝍𝝍  (45) of the 
SA2DPDGL and the summary phase coupling 
angle  𝜸𝜸𝟏𝟏 = 𝜸𝜸𝟎𝟎 + 𝝍𝝍  for some cases of the phase 
coupling angle  𝜸𝜸𝟎𝟎 : a) and b) when 𝜸𝜸𝟎𝟎 = 𝟎𝟎. 𝟗𝟗𝜸𝜸𝒄𝒄𝒄𝒄 =
𝟑𝟑𝟑𝟑. 𝟑𝟑𝟏𝟏 ≈ 𝟑𝟑𝟗𝟗  deg.; c) and d) when 𝜸𝜸𝟎𝟎 = 𝟐𝟐. 𝟎𝟎𝟑𝟑𝟎𝟎𝟑𝟑𝜸𝜸𝒄𝒄𝒄𝒄 =
𝟗𝟗𝟎𝟎 deg. ; e) and f) when 𝜸𝜸𝟎𝟎 = −𝟐𝟐. 𝟎𝟎𝟑𝟑𝟎𝟎𝟑𝟑𝜸𝜸𝒄𝒄𝒄𝒄 = −𝟗𝟗𝟎𝟎 deg. 

V. CONCLUSIONS 

The synthesized SA2DPDGL boasts the following: 

The SA2DPDGL is really very simple. It does only 
rotate the summary vector of the two CPDGLs of  𝑦𝑦 
and 𝑧𝑧 -channels in the complex plane by the angle 𝜓𝜓 
whose angular velocity �̇�𝜓 is directly proportional to the 
index of disproportionality 𝜑𝜑1𝑟𝑟 = �̇�𝑧𝑦𝑦 − �̇�𝑦𝑧𝑧  in  𝑚𝑚2/𝑠𝑠 
with a coefficient of proportionality 𝑘𝑘𝜓𝜓. The SA2DPDGL 
does not change the magnitude of the summary vector 

of the two CPDGLs of 𝑦𝑦 and 𝑧𝑧 -channels in the complex 
plane. The introduced and controlled angle 𝜓𝜓  of 
rotation of the summary vector of the two CPDGLs of 𝑦𝑦 
and 𝑧𝑧 -channels is aimed at the compensation of the 
unknown phase coupling angle 𝛾𝛾0  so that the steady 
state of the summary phase coupling angle 𝛾𝛾1 = 𝛾𝛾0 +
𝜓𝜓 is within the stability interval tending theoretically to 
zero. Thus the asymptotic stability of the adaptive 
mechanism leads to decoupling of the spatial closed 
loop system with phase coupling between the channels 
with a zero steady state of the summary phase coupling 
between the channels  𝛾𝛾1  which provides the 
asymptotic stability of the whole spatial closed loop 
guidance system; 

The SA2DPDGL manages well even with cases 
outside the interval of stability for the phase coupling 
between the channels in the classical application where 
the spatial CPDGL does not provide stability at all, for 
example – in a very wide range from  𝛾𝛾0 = −90 𝑑𝑑𝑑𝑑𝑑𝑑 
to 𝛾𝛾0 = 90 𝑑𝑑𝑑𝑑𝑑𝑑; 

The closed loop guidance system with the 
SA2DPDGL is not a variable structure system; 

The input data for the new guidance law are the 
same as in the classical case; 

The only parameter for adjustment is the 
coefficient 𝑘𝑘𝜓𝜓 of the adaptive control (45). 

All above benefits are gained by a synthesis based 
on the idea of compensation only for the phase 
coupling between the channels omitting the 
requirement to straighten the trajectory in the picture 
plane. 

  REFERENCES 
[1] Blakelock, J. H., Automatic control of aircraft and 

missiles, Wiley-Interscience, 1991, Chap. 8, 8-3, 8-
4, pp. 273-284. 

[2] Neupokoev, F. K., Shooting by anti-aircraft missiles, 
Voennoe izdatelstvo, Moskow, 1991, (in Russian) 
Chap. 2, §2.2, pp. 76-82. 

[3] Siouris, G. M., Missile Guidance and Control 
Systems, Springer-Verlag New York, 2004, Chap. 4, 
4.2.2, pp. 162-174. 

[4] Shneydor, N. A., Missile Guidance and Pursuit: 
Kinematics, Dynamics and Control, Horwood 
Publishing, 1998, Chap. 2, pp. 11-46. 

[5] Ha, I.-J., Chong, S., “Design of a CLOS Guidance Law 
via Feedback Linearization,” IEEE Trans. Aerosp. 
Electron. Syst., Vol. 28, Issue 1, 1992, pp. 51-63. 
doi: 10.1109/7.135432 

[6] Penev, B. G., “Variant of a system for automatic 
control of antitank guided missile in polar 
coordinates,” Proceedings of Conference 
“Weapons and military equipment of the year 
2000”, Conference of the Military Scientific and 

0 2 4 6
-600

-500

-400

-300

-200

-100

0

100

t (s)

up
si 

(d
eg

/s
)

0 2 4 6
-80

-60

-40

-20

0

20

40

60

80

100

t (s)

ga
m

m
a1

 (d
eg

)

gamma1ss= -10 deg

 

 
gamma1
(-gamma0cr)
( gamma0cr)

-1 -0.5 0 0.5 1 1.5 2 2.5
-1

-0.5

0

0.5

1

1.5

2

2.5
gamma0= -90 deg

y (m)

z 
(m

)

0 2 4 6
-400

-200

0

200

400

600

800

t (s)

up
si 

(d
eg

/s
)

0 2 4 6
-120

-100

-80

-60

-40

-20

0

20

40

60

80

t (s)

ga
m

m
a1

 (d
eg

)

gamma1ss= -3 deg

 

 

gamma1
(-gamma0cr)
( gamma0cr)



29

 
№ 2 (3),  2021 

 
 
 

ISSN: 2682 – 9517 (print)         ISSN: 2683 – 0930 (online) 
 

 
 

  JOURNAL  OF  INFORMATICS  AND  INNOVATIVE  TECHNOLOGIES  (JIIT)    
 

Technological Institute of the Ministry of Defense, 
18-20 December 1995, Sofia, Vol. 1 "Weapons, 
ammunition and surveillance devices", 1995, pp. 
54-56. (in Bulgarian), Available on URL: http://e-
university.tu-sofia.bg/e-publ/search-
det.php?id=2556 

[7] Penev, B. G., Lashnev, A. T., Iliev, I. Ya., “Control of 
the vector of normal acceleration of anti-tank 
guided missile in pseudo-polar coordinates,” 
Proceedings of Jubilee Conference ”120 years of the 
April Uprising” of the Higher Air Force School, 
Dolna Mitropoliya, 22-23 May 1996, Vol. 1 
“Aviation and Aerospace”, 1996, pp. 336-342. (in 
Bulgarian), Available on URL: http://e-
university.tu-sofia.bg/e-publ/search-
det.php?id=2587 

[8] Pastrick, H. L., Seltzer, S. M., Warren, M. E., 
"Guidance Laws for Short-Range Tactical Missiles," 
Journal of Guidance, Control, and Dynamics, Vol. 4, 
No. 2, 1981, pp. 98-108. doi: 10.2514/3.56060 

[9] Guerchet, P., Estival, J. L., “Line of Sight Guidance 
Law by Predictive Functional Control for High 
Velocity Short-Range Tactical Missile,” Proceedings 
of the European Control Conference 1991, July 2-5, 
1991, Grenoble, France, Vol. 2, pp. 1759-1764. 

[10] Huang, J., Lin, C.-F., “A modified CLOS guidance law 
via right inversion,” IEEE Trans. Aerosp. Electron. 
Syst., Vol. 31, 1995, pp. 491-495. doi: 
10.1109/7.366334 

[11] Lin, C-M., Hsu, C-F., “Guidance Law Design by 
Adaptive Fuzzy Sliding-Mode Control,” Journal of 
Guidance, Control, and Dynamics, Vol. 25, No. 2, 
2002, pp. 248-256. doi: 10.2514/2.4905 

[12] Menon, P. K. A., Duke, E. L., "Time-optimal aircraft 
pursuit evasion with a weapon envelope 
constraint," Journal of Guidance, Control, and 
Dynamics, Vol. 15, No. 2, March 1992, pp. 448-456. 
doi: 10.2514/3.20856 

[13] Nobahari, H., Pourtakdoust, S. H., “Optimal Fuzzy 
CLOS Guidance Law Design Using Ant Colony 
Optimization,” Lecture Notes in Computer Science, 
Vol. 3777 LNCS, 2005, pp. 95-106. doi: 
10.1007/11571155_10 

[14] Nobahari, H., Pourtakdoust, S. H., “An optimal-
fuzzy two-phase CLOS guidance law design using 
ant colony optimization,” Aeronautical Journal, 
Vol. 111, Issue 1124, 2007, pp. 621-636. 

[15] Yamasaki, T., Balakrishnan, S. N., Takano, h., 
"Modified Command to Line-of-Sight Intercept 
Guidance for Aircraft Defense," Journal of 
Guidance, Control, and Dynamics, Vol. 36, No. 3, 
2013, pp. 898-902. doi: 10.2514/1.58566 

[16] Ratnoo, A., Shima, T., "Line of Sight Guidance for 
Defending an Aircraft," AIAA Guidance, Navigation, 
and Control Conference, 02 August 2010 - 05 
August 2010, Toronto, Ontario, Canada, 2010. doi: 
10.2514/6.2010-7877 

[17] Tsalik, R., Shima, T., "Inscribed Angle Guidance," 
Journal of Guidance, Control, and Dynamics, Vol. 
38, No. 1, January 2015, pp. 30-40. doi: 
10.2514/1.G000468 

[18] Cho, N., Kim, Y., Park, S., "Three-Dimensional 
Nonlinear Differential Geometric Path-Following 
Guidance Law," Journal of Guidance, Control, and 
Dynamics, Vol. 38, No. 12, December 2015, pp. 
2366-2385. doi: 10.2514/1.G001060 

[19] Elhalwagy, Y. Z., Tarbouchi, M., “Fuzzy logic sliding 
mode control for command guidance law design,” 
ISA Transactions, Vol. 43, 2004, pp. 231-242. 

[20]  Elhalwagy, Y. Z., “Guidance Law Design Using 
Intelligent Non-Linear Controller,” 13th 
International Conference on AEROSPACE SCIENCES 
& AVIATION TECHNOLOGY (ASAT- 13), May 26 – 
28, 2009, Military Technical College, Kobry 
Elkobbah, Cairo, Egypt, 2009, Paper: ASAT-13-CT-
32. 

[21] Sadeghinasab, E., Koofigar, H. R., Ataei, M., “Design 
of robust command to line-of-sight guidance law: 
A Fuzzy adaptive approach,” Journal of Engineering 
Science and Technology, Vol. 11, No. 11, 2016, pp. 
1528-1542. 

[22] Alrawi, A. A. A., Graovac, S., Ahmad, R. B., Rahman, 
M. M., “Modified guidance law based on a sliding 
mode controller for a missile guidance system,” 
Tehnički vjesnik, Vol. 23, No. 3, 2016, pp. 639-646. 
doi: 10.17559/TV-20130625173047 

[23] Zaidi. H., Wu, P., Bellahcene, A., “Missile Guidance 
Law Design via Backstepping Technique,” 
International Journal of Engineering and Applied 
Sciences, Vol. 3, Issue 4, 2016, pp. 85-90. 

[24] Yanushevsky, R. T., “Generalized Missile Guidance 
Laws against Maneuvering Targets,” Proceedings 
of 25th Congress of the International Council of the 
Aeronautical Sciences, Hamburg, Germany, 3-8 
September 2006, Vol. 5, 2006, pp. 3043-3050. 

[25] Balakrishnan, S. N., Stansbery, D. T., Evers, J. H., 
Cloutier, J. R., "Analytical guidance laws and 
integrated guidance/autopilot for homing 
missiles," Proceedings of IEEE International 
Conference on Control and Applications, Vol. 1, 
1993, pp. 27-32. 

[26] Balakrishnan, S. N., "Analytical missile guidance 
laws with a time-varying transformation," Journal 
of Guidance, Control, and Dynamics, Vol. 19, No. 2, 
March 1996, pp. 496-499. doi:10.2514/3.21646 

[27] Liu, X., Huang, W., Du, L., Lan, P., Sun, Y., "Three-
Dimensional integrated guidance and control for 
BTT aircraft constrained by terminal flight angles," 
Proceedings of the 2015 27th Chinese Control and 
Decision Conference, CCDC 2015, May 23 - 25, 
2015, Qingdao Haiqing Hotel, Qingdao, China, 
Session SatA04: Nonlinear Systems (I). doi: 
10.1109/CCDC.2015.7161675 

[28] Levy, M., Shima, T., Gutman, S., "Linear Quadratic 
Integrated Versus Separated Autopilot-Guidance 
Design," Journal of Guidance, Control, and 
Dynamics, Vol. 36, No. 6, 2013, pp. 1722-1730. doi: 
10.2514/1.61363 

[29] White, B., Zbikowski, R., Tsourdos, A., "Direct 
Intercept Guidance using Differential Geometry 
Concepts," AIAA Guidance, Navigation, and 
Control Conference and Exhibit, Guidance, 
Navigation, and Control and Co-located 
Conferences, 2005. doi: 10.2514/6.2005-5969 

[30] White, B, Zbikowski, R., Tsourdos, A., "Direct 
Intercept Guidance using Differential Geometry 
Concepts," IEEE Transactions on Aerospace and 
Electronic Systems, Vol. 43, Issue 3, July 2007, pp. 
899-919. doi: 10.1109/TAES.2007.4383582 

[31] Li, D., Poh, E.K., "Nonlinear integrated steering and 
control of flight vehicles," Guidance, Navigation, 
and Control Conference and Exhibit, 1998. doi: 
10.2514/6.1998-4210 

[32] Balakrishnan, S. N., Tsourdos, A., and White, B. A., 
Advances in Missile Guidance, Control, and 
Estimation, CRC Press, 2016, Chap. 14. 

[33] Khruslov, V. N., Feofilov, S. V., Goryachev, O. V., 
Lavit, I. M., and Indyukhin,  A. F., “Missile Control 



30

 
№ 2 (3),  2021 

 
 
 

ISSN: 2682 – 9517 (print)         ISSN: 2683 – 0930 (online) 
 

 
 

  JOURNAL  OF  INFORMATICS  AND  INNOVATIVE  TECHNOLOGIES  (JIIT)    
 

in the Polar Coordinate System Using a Scalar 
Radius,” Gyroscopy and Navigation, Vol. 6, No. 1, 
2015, pp. 66–72. doi: 
10.1134/S207510871501006X 

[34] Davies, D. R., “Line of sight missile guidance”, U.S. 
Patent 4750688, Issued June 14, 1988. 

[35] Shipunov, A. G., Morozov, V. I., Petrushin, V. V., 
"Method of Control Signal Forming for Double-
Channel Rocket Rotating Around Longitudinal 
Axis," Russian Federation Patent RU 2511610 C1, 
Issued 10.04.2014 Bull. 10. 

[36] Gusev, A. V., Morozov, V. I., Nedosekin, I. A., 
Minakov, V. M., Tarasov, V. I., “Method of beam 
control over rolling missile and beam-controlled 
rolling missile”, Russian Federation Patent RU 
2460966 C1, Issued March 14, 2011. 

[37] Mandić, S., Stojković, S., Milenković, D., Milošević, 
M., “Aerodynamic Compensation of the Modified 
Guided Anti-Tank Missile Configuration,” Scientific 
Technical Review, Vol. 64, No. 1, 2014, pp. 3-12. 

[38] Pavic, M., Mandic, S., Cuk, D., Pavkovic, B., "A new 
type of flight simulator for manual command to 
line-of-sight guided missile," Optik - International 
Journal for Light and Electron Optics, Vol. 125, 

Issue 21, November 2014, pp. 6579-6585. doi: 
10.1016/j.ijleo.2014.06.163 

[39] Pontryagin, L. S., and Lohwater, A. J., Ordinary 
Differential Equations, Addison-Wesley Publishing 
Company, 1962, Chap. 2, § 7, Examples. 

[40] Besekerskiy, V. A., Popov, E. P., Theory of 
automatic control systems, Professiya, Moscow, 
2003, (in Russian), Chap. 17, § 17.2. 

[41] Khalil, H. K., Nonlinear systems, 2nd ed., Prentice 
Hall, 1996, Chap. 3. 

[42] Penev, B. G., “An Expanded Two-Dimensional 
Proportional-Derivative Command to Line-of-Sight 
Guidance Law,” Gyroscopy and Navigation, ISSN 
2075-1087, Vol. 9, No. 4, pp. 344-351, 2018. DOI: 
10.1134/S2075108718040132 

[43] Пенев, Б. Г., „Расширенное двухмерное 
пропорционально-дифференциальное 
командное наведение по линии визирования“, 
Гироскопия и навигация. Том 26, № 4 (103), 
2018, стр. 58-71. DOI 10.17285/0869-
7035.2018.26.4.058-071 

 
 

 


