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Abstract. New combined strategies for optimal 

decision making based on the rationality of the utility 
function and taking into account the customer 
satisfaction from the accepted generalized 
compromised solution are proposed. Three new 
variants for scalarized rational objective function are 
formulated including additive, multiplicative and 
harmonic type. The efficiency of the new strategies is 
illustrated by a case study. 

Keywords: decision making, Pareto-optimal 
solution, utility function, function of rationality, 
customer satisfaction. 

INTRODUCTION 
One of the main strategic tasks in the current 

century is to achieve sustainable development in all 
areas of human activity. Sustainable development must 
be organized in the way that the current generation can 
satisfy their own need but in the way that, the future 
generations can also meet their own needs. This requires 
careful monitoring and management of the planet's 
basic systems, which are the environment, society and 
the economy. There are mainly two models of 
interaction between systems and achieving sustainable 
development: 

(1) The hierarchical, in which the basis is the 
environment where the activities of the society are 
developing, and above it stands the economy, which 
dominates in decision-making; 

(2) The second model is the horizontal, where it is 
an equality in the priorities of the three systems. This is 
the most appropriate model for sustainable 
development, in which the three systems interact and 
intersect. For the optimal functioning of the three 
systems, in this model it is very important the size of the 
intersection area between them. An important condition 
for achieving sustainable development of the three 
systems is to find compromise solutions and to find the 
optimal strategy for managing the three systems, to 

satisfy both the viability of the system, i. e. ecological 
balance, to achieve tolerance in social activities, i. e. 
social balance and to achieve fairness and rationality of 
compromises taken (Fig. 1). 

Decision-making is a subjective activity where, the 
satisfaction of human desires and needs have to be 
balanced, to comply with certain norms and standards 
taking into account the criteria of sustainability 
(sustainability indicators) and to reach a compromise in 
decision making that will meet the requirements for all 
criteria - technical, technological, social, political and 
economic. The difficulties come from the fact that the 
task of optimal decision making has many solutions, and 
it is necessary to choose one of them to implement the 
activity. The decision will be a compromise, also called 
the Pareto-optimal solution, on behalf of Vilfredo 
Pareto, who formulated and published it in 1896 [2]. For 
each Pareto-optimal decision taken, the rule applies that 
any change in management to improve one or more 
objective parameters leads to a change to the worse of 
one or more of the others. Therefore, it is necessary to 
find a management which will meet pre-set of 
compromise requirements (maximum or minimum) for a 
given number of criteria. 

Many of the known strategies for optimal decisions 
making use the compilation of a generalized function of 
many criteria, which reduces the task to one-criteria 
optimization [1,3,5,6]. The generalized function can be 
created in different ways and unify the set of objective 
parameters on different indicators. For example: 
usefulness of the decision made, losses from their best 
values, regret from the decision made, or combinations 
of them [1,3,5]. As the objective parameters have 
different dimensions, before to create the generalized 
function it is necessary the objective criteria to be 
normalized in the same scale of dimensionless values, 
for example within ( 10  ). These transformations can 
be linear, exponential, double exponential, etc. [6, 10]. 
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Fig. 1. Achievement of sustainable development in the three basic systems on the Earth. 

 

The unification of the objective indicators 
transformed into dimensionless values can be done in 
different ways. The most common are the classic forms 
of unification: arithmetic mean, geometric mean and 
harmonic mean, with or without including of priorities, 
by weighting factors for individual objective parameters 
[2,7,8,9,10]. 

In recent years, new forms have been proposed as 
additive, multiplicative and harmonic forms of 
transformation, which are much more sensitive to 
changes in the real values of individual objective 
parameters compared to the classic averaged forms 
[7,8,9,10]. 

New types of fractionally rational generalized 
functions have been proposed, in which John Nash's idea 
of rationality in optimal decision making is embedded 
[10,11]. Some of the most promising are published in 
[11,10]. These forms can be improved if, in addition to 
the technical requirements for the objective indicators, 
the generalized objective function includes some 
subjective requirements of the stakeholders. 

The current study proposes a new strategy, which 
includes the satisfaction from the optimal decision taken 
as an additional objective indicator. The strategy is based 

on the fractional strategy proposed in [11,10]. 

PARETO-OPTIMAL SOLUTIONS-BASED STRATEGIES 
BASED ON RATIONALITY AND SATISFACTION 

The strategies of the recommended solutions 
(reference point approach), in which the most desired or 
the most undesirable values, or both, are given the 
greatest application. If the most desired values are set 
(optimistic approach), a minimum is sought for the 
compiled generalized objective function, i.e. we are 
looking for a management that will ensure minimal losses 
from the recommended values. If the recommended 
values are the worst possible (pessimistic approach), the 
generalized function is sought as much as possible to 
ensure maximum utility of the chosen solution. In the 
framework approach, when both limit values are set (the 
most desirable and the most undesirable), the 
generalized function allows to find a balanced solution [1, 
5]. 

Other forms of creating generalized functions of 
desirability, regret, priorities and mixed strategies are 
also used [1,2,3,4,5,7,8]. The search for the best strategy 
for forming an appropriate generalized objective function 
is still ongoing. Significant progress in the search for new 
forms for the formation of generalized objective 
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functions and finding rational solutions are presented in 
[6,7,9,10]. Some new strategies for finding fractional-
rational solutions are developed and presented in 
[11,10]. 

It can be expected that the results from multi-
criteria decision making will be more persuasive if the 
satisfaction from the decision is also included in the 
generalized objective function. 

Satisfaction is a subjective category and cannot be 
measured, but can be assessed. The present study 
proposes a combined strategy for making optimal 
decisions based on satisfaction. 

In [6] the following generalized function of 
rationality is proposed, which includes the evaluation of 
the satisfaction indicator, if a Pareto-optimal solution is 
taken. 

) xy(x),(Qрац  = 

 ═
x),x(y

321 max))x(y(Q)x(Q))x(y(Q  ,  (1) 

where: ))((Q1 xy  is a generalized objective function 
that combines the set of objective parameters  yj(x), 
 j = 1, 2, …, m; 

)(Q2 x  is a generalized function that includes the 
"costs" of control “x” to achieve Pareto-optimal 
solutions for objective parameters  y(x) [4]. 

))((Q3 xy  is a function of satisfaction with the 
achieved values of the target indicators y(x). 

In the present study, a new variant for creating the 
fractional-rational generalized objective function is 
proposed and investigated. The new function includes 
the set of objective parameters transformed into a 
dimensionless fractional-rational generalized function of 
usefulness [10] and also includes the function of 
satisfaction ))x(y(Q3  with the Pareto-optimal 
decision. 

The proposed generalized function is: 

 ))x(y(Q
))x(y(Q
))x(y(Q) xy(x),(Q 3

2m2m

1m1m
рац.д  

→
x),x(y

max ,      (2) 

where, ) x(x),y(Q m11̀m  is a generalized objective 
function, created from specific configuration (3), (4), (5), 
(6), (7), (8) (arithmetic, geometric, harmonic and etc.) 
[6,7,8,10] for all number m1 of objective parameters, for 
which the maximal values is searching; 

) x(x),y(Q m2`2m  - as for a Qm1, but for the all 
number m2 of objective parameters, for which the 
minimal values is searching. 

The following fractional rational generalized functions are studied: 

(1) Fractional rational arithmetic mean generalized function 
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(4) Fractional rational arithmetic (additive) generalized function 
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(5) Fractional rational multiplicative generalized function 
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(6) Fractional rational multiplicative generalized function 
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* For greater compactness of formulas (3) to (8) a division symbol „/” is used.  
 

 

AN ILLUSTRATIVE EXAMPLE FOR FRACTIONAL 
RATIONAL GENERALIZED FUNCTION OF UTILITY 

APPLYING ALSO SATISFACTION OF THE SOLUTION 
For illustration of fractional-rational generalized 

function of usefulness applying and satisfaction of 
optimal decision making, formulated above are used data 
from real practical studying for control parameters xi (i = 
1,2,3) influencing on the quality indicators in paper 
production, designed for printing and writing [9,11]. The 
control parameters of paper production are: 

x1  - degree of cellulose grinding in Schopper - 
Riegler, oSR (degrees according the scale of Schopper - 
Riegler); 

x2  - amount of sizing agent in the pulp, %; 

x3  - amount of filler in the cellulose pulp. %.  

The objective parameters for paper quality are: 

y1 – length of tearing of paper sample in km, (the 
desirable value is maximum); 

y2 – degree of mucilage of the front side of the paper 
in mm, (the desirable value is maximum); 

у3 - maximum resistance to plucking cellulose fibers 
from the paper, cm/sec. (the desirable value is maximum); 

у4 – Ash content in % , (the desirable value is 
minimum). 

The experimental design, which included 15 
different combinations of control variables xi (i = 1, 2, 3) 
and the obtained values of the objective parameters 
yj(x), (j = 1, 2, 3, 4) for each combination are given in 
Table. 1. 
Evaluation of the usefulness of the objective 
parameters for the formation of a generalized 
function of rationality 

For transformation of objective parameters )x(y j  

into dimensionless values is proposed a “utility” scale. 
The utilities )x(y j  are calculated according formula 

(9), expressed in utility interval [0, 1] are presented in 
Table. 2. 

The formula according to which a linear 
transformation is made for normalization of the 
objective parameters in the limits (0   +1), taken as 
absolute values, is the following: 

   
minj,maxj,

ref
jj

j
tr
j yy

)(y)(y
)()(y






xx
xx , j = 1, 2, ..., m, 

      (9) 
where m is the number of the objective parameters 

)(y j x ; )(j x , j = 1, 2, ..., m is an indication of the 
normalized usefulness of the objective parameters 

)(y j x  in equations from (1) to (6); )(y j x  is the natural 
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value of each objective parameter of (j = 1, 2, …, m);

)(yref
j x  is the recommended (referenced) value of each 

objective parameter; )(y max,j x  and )(y min,j x  are the 
maximum and minimum values for each objective 
parameter. 

For example for pessimistic approach the formula 
for transformation is (10) 

n...,,2,1k;m...,,2,1j,
yy
yy

y
min,jmax,j

k,jpes,j
j 






      (10)  
In formula (10), with an index „pes” are indicated  

the most undesirable values for the objectives 
parameters ( pes,jy ) from Table. 1.  
The maximal and minimal values for each from the 
objective parameters ( min,jmax,j yandy ) are taken also 

from Table 1. In the last column of Table 1 are given the 
arithmetic-mean values of “usefulness” )x(Q1 for the 
four objective parameters .)x(y j  It is assumed that the 

approach to the best and to the worst result is smooth, 
so the calculated normalized values for them jy  are 

adjusted by 2% of the respective interval ( 10  ). 
 

 
Table 1. Experimental plan, experimental results for the objective parameters (y(x)) and 
 the normalized usefulness of the values of the objective parameters )4,3,2,1j(,y j   

 
 

№ 1x , 
оШР 

2x , 
% 

3x , 
% 

1y , 
  

2y ,
  

3y , 
  

4y , 
  

1y

  

2y
  

3y

  

4y
  

 
)x(Q1  

1 30 2.25 10 3.3 1.00 341 7.8 0.30 0.02 0.76 0.98 0,515 
2 40 2.25 10 3.6 1.13 341 8.3 0.60 0.26 0.76 0.95 0,643 
3 30 3.75 10 3.2 1.50 334 8.1 0.20 0.98 0.48 0.97 0,658 
4 40 3.75 10 3.4 1.50 336 9.1 0.40 0.98 0.56 0.88 0,704 
5 30 2.25 20 4.0 1.00 329 17.2 0.98 0.02 0.28 0.10 0,344 
6 40 2.25 20 3.8 1.00 326 17.8 0.80 0.02 0.16 0.04 0,255 
7 30 3.75 20 3.4 1.50 336 17.2 0.40 0.98 0.56 0.10 0,509 
8 40 3.75 20 3.1 1.50 330 18.2 0.10 0.98 0.32 0.02 0,355 
9 30 3.00 15 3.6 1.25 330 13.6 0.60 0.50 0.32 0.64 0,466 
10 40 3.00 15 3.3 1.25 322 13.3 0.30 0.50 0.02 0.47 0,322 
11 35 2.25 15 3.5 1.10 322 13.4 0.50 0.20 0.02 0.46 0,296 
12 35 3.75 15 3.0 1.40 330 11.5 0.02 0.80 0.32 0.644 0,446 
13 35 3.00 10 3.6 1.25 347 10.5 0.60 0.50 0.98 0.74 0,705 
14 35 3.00 20 3.6 1.25 334 16.7 0.60 0.50 0.48 0.14 0,431 
15 35 3.00 15 3.5 1.25 330 13.3 0.50 0.50 0.32 0.47 0,448 

 ( ) The symbol is showing the direction of desired objective function 
 

 
STRATEGIES FOR PARETO-OPTIMAL SOLUTIONS, 
BASED ON THE RATIONALITY AND SATISFACTION 

 
The strategies of reference point approach are 

recognized as the most applicable in practice. In this 
strategies are specified the most desired or the most 
undesired or both of them. If the most desired values are 
given (optimistic approach), for the created generalized 
objective function the search is for minimum i. e. 
searching such a control which will assure minimal losses 
from the referenced values for the objective parameters. 

If the referenced values are the worst possible 
(pessimistic approach) the search is to find optimal 
control variables which will maximize the generalized 
objective function, i. e. looking for such control variables 
“x”, which will assure maximal usefulness of the solution 
found. 

The “bracketing approach” combines the optimistic 
and pessimistic approach in which are specified boot the 
most desired and the most undesired values for the 
objective parameters. This strategy allow to find 
balanced Pareto-optimal solutions because the search is 
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simultaneously to minimize the losses from the best 
referred values and to maximized the usefulness of the 
objective parameters [2,5,6]. 

For transformation of objective parameters )x(y j  

into dimensionless values is proposed a “utility” scale. 
The utilities )x(y j  are calculated according formula 
(9), expressed in utility interval [0, 1] are presented in 
Table. 2. 

15...,,2,1k;4...,,2,1j,
yy
yy

y
min,jmax,j

k,jpes,j
j 




 ,

      (11)  
The index “pes” in formula (9) is given for the most 

undesirable values of the objective parameters ( pes,jy ) in 
Table 1. The maximal and minimal values for every 
objective parameter ( min,jmax,j yandy ) are taken also 

from the Table 1.  
In order to make comparison between the 

proposed new fractional rational generalized objective 
functions from (3) to (8) the classical arithmetic mean 
objective function )x(Q1  is calculated for each variant 

from 1 to 15 by formula (9). The results are presented in 
Table 2. 





4

1j
j1 y

4
1)x(Q    (12) 

In the last column of Table 2 are given arithmetic 
mean values of the usefulness for the four objective 
parameters .)x(Q1 Presuming that the transition to the 
best and transition to the worst result is smooth, the 
calculated values the best and the worst values for jy  

are  corrected  with  2 %  of  the  corresponding  interval 
( 10  ). 

А consultation have been done with 18 persons 
concerned to the paper production and to the quality of 
the paper produced regarding to the degree of 
satisfaction from the values of the paper objective 
parameters using the scale from 0 to 1. From the 
obtained data the arithmetic mean are calculated for all 
15 variants given on Table 2. The degree of satisfaction 
Q3(y(x)) are given on Table 2. and graphically presented 
on Fig. 3.  
 

 

Table 2. Control variables (х), estimated usefulness of the objective parameters 4,3,2,1j),x(y j  , 

the arithmetic means values for generalized function of usefulness ,)x(Q1  the estimated satisfactions 
))x((yQ3 for each variant of process control strategies. 

 
 
№ 1x ,  

оShR 
2x ,  

% 
3x , 

% 
1y

  

2y
  

3y

  

4y
  

 
)x(Q1  

 
Rank 

 
)x(Q3  

 
Rank 

1 30 2.25 10 0.30 0.02 0.76 0.980 0,515 5 0,740 5 
2 40 2.25 10 0.60 0.26 0.76 0.952 0,643 4 0,850 4 
3 30 3.75 10 0.20 0.98 0.48 0.971 0,658 3 0,930 2 
4 40 3.75 10 0.40 0.98 0.56 0.875 0,704 2 0,910 3 
5 30 2.25 20 0.98 0.02 0.28 0.096 0,344 11 0,450 11 
6 40 2.25 20 0.80 0.02 0.16 0.038 0,255 15 0,330 14 
7 30 3.75 20 0.40 0.98 0.56 0.096 0,509 6 0,700 6 
8 40 3.75 20 0.10 0.98 0.32 0.020 0,355 13 0.420 12 
9 30 3.00 15 0.60 0.50 0.32 0.644 0,466 8 0.650 7 

10 40 3.00 15 0.30 0.50 0.02 0.471 0,322 12 0,370 13 
11 35 2.25 15 0.50 0.20 0.02 0.461 0,296 14 0,320 15 
12 35 3.75 15 0.02 0.80 0.32 0.644 0,446 9 0,510 9 
13 35 3.00 10 0.60 0.50 0.98 0.740 0,705 1 0,940 1 
14 35 3.00 20 0.60 0.50 0.48 0.144 0,431 10 0,480 10 
15 35 3.00 15 0.50 0.50 0.32 0.471 0,448 7 0,580 8 
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                 𝑄𝑄1𝜂𝜂(𝑥𝑥) 

 
 

Fig. 2. Arithmetic mean values for the generalized function of usefulness 
 

  𝑄𝑄3𝜂𝜂(𝑥𝑥)  

 
 

Fig. 3. The values of function of satisfaction from the objective parameters 
for fifteen combinations of control parameters 

 
Table 3. Variants with the highest rank from 1 to 6 for the generalized function of usefulness 

of the objective parameters )x(Q1  and the corresponding satisfaction )x(Q3 . 
 

 
№ 1x ,  

оШР 
2x ,  

% 
3x , 

% 
1y

  

2y
  

3y

  

4y
  

 
)x(Q1  

 
Rank 

 
)x(Q3  

 
Rank 

1 30 2.25 10 0.300 0.020 0.760 0.980 0,515 5 0,740 5 
2 40 2.25 10 0.600 0.260 0.760 0.952 0,643 4 0,850 4 
3 30 3.75 10 0.200 0.980 0.480 0.971 0,658 3 0,930 2 
4 40 3.75 10 0.400 0.980 0.560 0.875 0,704 2 0,910 3 
7 30 3.75 20 0.400 0.980 0.560 0.096 0,509 6 0,700 6 

13 35 3.00 10 0.600 0.500 0.980 0.740 0,705 1 0,940 1 
 

The highest ranks for the usefulness have the 
variants 13 and 4 share equal ranks 1 and 2 and variant 
3 has rank 3. For satisfaction the variants 13 has rank 1, 
variant 3 has rank 2 and variant 4 has rank 3.   

The values of the fractional-rational generalized 
objective function are calculated by formula (13) and 
given in Table 4.

 
 

)(4y
))/3(3y)(y)(y(

y(Q 21
))(1 x

xxx
x



 


      (13) 

 

0,00
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0,40

0,60

0,80

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

0,515
0,643 0,658 0,704

0,344
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0,446

0,705

0,431 0,448
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1,00
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0,33
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Table 4. The values of fractional-rational generalized objective function ))xy((Q1  
and the degree of satisfaction )y(x)(Q3  

 
№ 1y ( ) 2y  ( ) 3y  ( ) 4y ( ) 

 

))xy((Q1  
 

)y(x)(Q3  

1 0.300 0.020 0.760 0.980 0.367 0.740 
2 0.600 0.260 0.760 0.952 0.567 0.850 
3 0.200 0.980 0.480 0.971 0.570 0.930 
4 0.400 0.980 0.560 0.875 0.739 0.910 
5 0.980 0.020 0.280 0.096 1,314 0.450 
6 0.800 0.020 0.160 0.038 1,709 0.330 
7 0.400 0.980 0.560 0.096 2,106 0.700 
8 0.100 0.980 0.320 0.020 32,133 0.420 
9 0.600 0.500 0.320 0.644 0,953 0.650 
10 0.300 0.500 0.020 0.471 0,599 0.370 
11 0.500 0.200 0.020 0.461 0,542 0.320 
12 0.020 0.800 0.320 0.644 0,583 0.510 
13 0.600 0.500 0.980 0.740 0,943 0.940 
14 0.600 0.500 0.480 0.144 1,672 0.480 
15 0.500 0.500 0.320 0.471 0,911 0.580 

 
 

Double exponential transformation of Harrington 
The results of generalized fractional rational 

functions and their ranks for double exponential  
transformation of Harrington [4,6,9,10] are given in 

Table 5 and graphically presented on Fig. 4 to Fig. 9. The 
highest ranks from 1 to 6 of variants are presented in 
Table 5. The highest ranks from 1 to 6 are given in Table 
6.

 
Table 5. The variants of the generalized fractional rational functions and their ranks R using 

the transformation of Harrington calculated by formulas from (3) to (8) (F-1 to F-6). 
 

№ F-1 R F-2 R F-3 R F-4 R F-5 R F-6 R 
1 19,500 4 7,802 5 2,676 5 58,500 4 0,190 9 0,892 5 
2 30,794 2 23,338 2 15,800 2 92,381 2 5,606 3 5,267 2 
3 28,033 3 16,454 3 7,310 4 84,098 3 1,872 4 2,437 4 
4 31,708 1 30,532 1 29,303 1 95,125 1 16,395 1 9,768 1 
5 0,371 14 0,119 14 0,048 14 1,114 14 0,002 14 0,016 14 
6 0,359 15 0,112 15 0,047 15 1,078 15 0,001 15 0,016 15 
7 0,810 11 0,780 10 0,748 9 2,429 10 0,419 6 0,249 9 
8 0,423 13 0,199 13 0,086 13 1,269 13 0,008 12 0,029 13 
9 1,528 9 1,328 7 1,112 7 4,585 8 0,357 8 0,371 7 

10 1,004 10 0,458 11 0,172 11 3,013 9 0,009 11 0,057 11 
11 0,739 12 0,262 12 0,122 12 2,216 12 0,002 13 0,041 12 
12 3,189 6 1,295 8 0,427 10 9,567 6 0,035 10 0,142 10 
13 12,256 5 12,154 4 12,053 3 36,768 5 8,549 2 4,018 3 
14 0,790 7 0,787 9 0,784 8 2,370 11 0,437 5 0,261 8 
15 1,784 8 1,581 6 1,357 6 5,352 7 0,380 7 0,452 6 
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Table 6. The variants with the highest ranks from 1 to 6 calculated by Harrington’ transformation. 

 

№ F-1 R F-2 R F-3 R F-4 R F-5 R F-6 R 

1 19,500 4 7,802 5 2,676 5 58,500 4 0,190 9 0,892 5 
2 30,794 2 23,338 2 15,800 2 92,381 2 5,606 3 5,267 2 
3 28,033 3 16,454 3 7,310 4 84,098 3 1,872 4 2,437 4 
4 31,708 1 30,532 1 29,303 1 95,125 1 16,395 1 9,768 1 

13 12,256 5 12,154 4 12,053 3 36,768 5 8,549 2 4,018 3 
15 1,784 8 1,581 6 1,357 6 5,352 7 0,380 7 0,452 6 

 
On the Fig. 4 to Fig. 9 are given the values of fractional rational generalized objective function calculated 

and given in Table 5. 
 

 

 
 

Fig. 4. Fractional rational arithmetic mean generalized objective function. 
 

 
 

Fig. 5. Fractional rational geometric mean generalized objective function. 

 
 

Fig. 6. Fractional rational harmonic mean generalized objective function.  
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Fig. 7. Fractional rational additive generalized objective function. 
 

 

 
 

Fig. 8. Fractional rational multiplicative generalized objective function. 
 
 

 
 

Fig. 9. Fractional rational harmonic generalized objective function 
 

Table 7. Variants with the highest ranks from 1 to 3 with Harrington transformation  
 

Variant № ))xy((Q1  ))xy((Q3  F-1 F-2 F-3 F-4 F-5 F-6 Generalized 
rank 

2 * * 2 2 2 2 3 2 2 
3 2 3 3 3 * 3 * * 4 
4 3 1 1 1 1 1 1 1 1 
13 1 2 * * 3 * 2 3 3 

 * With stars are marked the results which are with rank over 3  
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CONCLUTION 

The dominated variants with the highest ranks of 
the arithmetic mean usefulness ),)xy((Q1 ranks of 
satisfaction ))xy((Q3 and the fractional rational 
generalized objective functions in six variants (F-1 to F-
6) are given in Table 7. 

The generalized rank is determined by minimal 
sum of ranks of four variants. The dominated best 
results have variants 4, 2 and 13. 

The dominated best variants estimated only from 
the six strategies F-1 to F-6 are also variants 4, 2 and 
13. 

The relative sensitivity of the strategies from F-1 
to  F-6 determined by the ratio between difference in 
values of fractional rational generalized function of 
variants classified on the first and third place in respect 
to the value of variant with the third place show that 
the biggest sensitivity has the strategy F-5 (with 
difference 1.93), following by F-3 and F-6 (with equal 
difference 1.43) and on the third place is F2 (with 
difference 0.86). 

The results for fractional rational generalized 
function and their ranks for linear and exponential 
transformation and the comparison with the 
Harrington’ double exponential transformation will be 
presented in the Part 2 of the present article. 
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